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Abstract
Let k be a perfect field of characteristic p > 2, and let K be a finite totally
ramified extension of W (k)[1p ]. We prove that the locus of potentially semi-stable
Gal(K¯/K)-representations of a given Hodge-Tate type and Galois type is a closed
subspace of the universal deformation ring, generalizing the result of Kisin (2007)
where k is assumed to be finite.
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1 Introduction
Let k be a perfect field of characteristic p > 2, and let W (k) be its ring of Witt vectors.
Write K0 = Frac(W (k)), and let K/K0 be a finite totally ramified extension. We fix an
algebraic closure K¯ of K, and let GK := Gal(K¯/K) be the absolute Galois group of K.
Let E/Qp be a finite extension with residue field F, and let V0 be a finite dimensional
F-representation of GK . Denote by C the category of local topological OE-algebras A such
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that the natural map OE → A/mA is surjective and the map from A to the projective
limit of its discrete artinian quotients is a topological isomorphism. If V0 is absolutely
irreducible, then there exists a universal deformation ring R ∈ C with a deformation VR
which parametrizes the isomorphism classes of deformations of V0 ([SL97]). Note that R is
not necessarily noetherian in general when k is not finite.
In this paper, we study the geometry of the locus of potentially semi-stable represen-
tations with a specified Hodge-Tate type v and Galois type τ . We show that such a locus
cuts out a closed subspace in the following sense:
Theorem A. There exists a closed ideal av,τ ⊂ R such that the following holds: for any
finite flat OE-algebra A and a continuous OE-algebra homomorphism f : R→ A (where we
equip A with the (p)-adic topology), the induced representation A[1
p
] ⊗f,R VR is potentially
semi-stable of Hodge-Tate type v and Galois type τ if and only if f factors through the
quotient R/av,τ .
When the residue field k is finite, Kisin proved the corresponding result in [Kis07,
Theorem 2.7.6]. One of the main steps in [Kis07] is the construction of the projective scheme
which parametrizes representations of E(u)-height ≤ r for a fixed positive integer r (cf.
[Kis07, Section 1.2]). It is obtained as a closed subscheme of the affine Grassmannian for the
restriction of scalars ResW (k)/ZpGLd. But this construction does not make sense in general
when k is infinite. The main difficulty is that we do not know how to analyze whether the
restriction of scalars ResW (k)/Zp for a non-affine scheme over W (k) is representable by an
Ind-scheme when k is infinite, even for simple examples such as P1W (k).
Another approach to studying the locus cut out by certain p-adic Hodge theoretic con-
ditions, motivated by Fontaine’s conjecture in [Fon97], is to analyze torsion representations
given as the subquotients of Galois stable lattices satisfying the given conditions. For semi-
stable (or crystalline) representations having Hodge-Tate weights in [0, r], this is carried
out by Liu in [Liu07]. And in the case k is finite, Liu proved the corresponding result for
semi-stable representations of a given Hodge-Tate type in [Liu15].
We use the functor given in [Liu12] from the category of representations semi-stable
over a totally ramified Galois extension K ′/K to the category of lattices in filtered modules
equipped with Frobenius, monodromy, and Gal(K ′/K)-action, in order to study the refined
structure of a Hodge-Tate type and Galois type of torsion representations. We first study
semi-stable representations of a given Hodge-Tate type and show that the locus of such
representations is p-adically closed (cf. Theorem 3.3). This generalizes the corresponding
result in [Liu15] to the case k is not necessarily finite. The proof in [Liu15] is based on
reducing to the situation when the coefficient field E contains the Galois closure of K,
thereby requiring k to be finite. We remove such a restriction using a different argument.
Then, we study potentially semi-stable representations of a given Galois type, and prove
that such representations cut out a p-adically closed locus (cf. Theorem 3.17).
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2 Torsion Representation and Construction of Mst
We keep the notations as in the introduction. Let K ′ ⊂ K¯ be a finite totally ramified Galois
extension of K. In this section, we will first explain the construction of the functor given in
[Liu12] from the category of representations semi-stable over K ′ to the category of lattices
in filtered modules equipped with Frobenius, monodromy, and Gal(K ′/K)-action. Then,
we will explain the result proved in [Liu12] and [Liu15] that one can associate a Hodge-Tate
type and Galois type to a torsion representation up to some constant depending only on
K ′.
2.1 Potentially Semi-stable Representation and Filtered (ϕ,N,Γ)-
module
For a GK-representation V over Qp, we say V is potentially semi-stable if there exists a
finite extension L ⊂ K¯ of K such that V restricted to GL := Gal(K¯/L) is semi-stable. This
means precisely that dimQpV = dimL0(Bst⊗Qp V ∨)GL where L0 is the maximal unramified
subextension of L/K0.
Let e′ = [K ′ : K0]. We fix a uniformizer pi of K ′, and let F (u) be the Eisenstein
polynomial for pi over K0. Denote by Rep
pst,K′
Qp
the category of GK-representations over
Qp which become semi-stable over K
′ (i.e., semi-stable as Gal(K¯/K ′)-representations).
Let Γ = Gal(K ′/K) and GK′ = Gal(K¯/K ′). Note that K0 is equipped with the natural
Frobenius endomorphism ϕ.
We consider the category of filtered (ϕ,N,Γ)-modules whose objects are finite dimen-
sional K0-vector spaces D equipped with:
• a Frobenius semi-linear injection ϕ : D → D,
• W (k)-linear map N : D → D such that Nϕ = pϕN ,
• decreasing filtration FiliDK′ on DK′ := K ′ ⊗K0 D by K ′-sub-vector spaces such that
FiliDK′ = DK′ for i 0 and FiliDK′ = 0 for i 0, and
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• K0-linear action by Γ on D which commutes with ϕ and N . If we extend Γ-action
semi-linearly to DK′ , then for any γ ∈ Γ, γ(FiliDK′) ⊂ FiliDK′ .
Morphisms between filtered (ϕ,N,Γ)-modules are K0-linear maps compatible with all
structures. The functor DK
′
st : V 7→ (Bst ⊗Qp V ∨)GK′ is an equivalence between Reppst,K
′
Qp
and the category of weakly admissible filtered (ϕ,N,Γ)-modules (cf. [CF00], [Fon94]).
We define an integral structure of a filtered (ϕ,N,Γ)-module.
Definition 2.1. Let D be a filtered (ϕ,N,Γ)-module. A lattice M in D is a finite free
W (k)-submodule of D such that M [1
p
] := M ⊗Zp Qp ∼= D, and ϕ(M) ⊂ M , N(M) ⊂ M ,
and γ(M) ⊂M for all γ ∈ Γ. For a lattice M ⊂ D, we equip MK′ := OK′⊗W (k)M with the
natural filtration by OK′-submodules, given by FiliMK′ = MK′ ∩ FiliDK′ . If M1,M2 are
lattices in filtered (ϕ,N,Γ)-modules D1, D2 respectively, then a morphism f : M1 →M2 is a
W (k)-linear map such that f⊗ZpQp : D1 → D2 is a morphism of filtered (ϕ,N,Γ)-modules.
Note that for a lattice M in a filtered (ϕ,N,Γ)-module, the associated graded OK′-
modules griMK′ = Fil
iMK′/Fil
i+1MK′ is torsion free by the definition of the filtration.
Let r be a positive integer. Denote by Lr(ϕ,N,Γ) the category of lattices in filtered
(ϕ,N,Γ)-modules D satisfying Fil0DK′ = DK′ and Fil
r+1DK′ = 0. Let Rep
pst,K′,r
Qp
be
the full subcategory of Reppst,K
′
Qp
whose objects have Hodge-Tate weights in [0, r], and let
Reppst,K
′,r
Zp
be the category of GK-stable Zp-lattices of representations in Reppst,K′,rQp . The
following theorem is proved in [Liu12]:
Theorem 2.2. (cf. [Liu12, Theorem 2.3]) There exists a faithful contravariant functor Mst
from Reppst,K
′,r
Zp
to Lr(ϕ,N,Γ). If we denote by Mst⊗ZpQp the functor Mst associated to the
isogeny categories, then there exists a natural isomorphism of functors between Mst⊗Zp Qp
and DK
′
st .
2.2 Construction of Mst
We now explain briefly the construction in [Liu12] of the functor Mst in Theorem 2.2. We
first recall the definitions of period rings in p-adic Hodge theory.
Let S ′ be the p-adic completion of the divided power-envelope of S = W (k)[[u]] with
respect to the ideal (F (u)). Denote S ′K0 := S
′[1
p
]. Let Cp be the p-adic completion of K¯,
and let OCp be its ring of integers. We define O[Cp := lim←−
x 7→xp
OCp/p. By the universal property
of the ring of Witt vectors W (O[Cp), there exists a unique surjection θ : W (O[Cp) → OCp ,
which lifts the projection O[Cp → OCp/p onto the first factor of the inverse limit. We denote
by B+dR the ker(θ)-adic completion of W (O[Cp)[1p ]. Let Acris be the p-adic completion of the
divided power-envelope of W (O[Cp) with respect to ker(θ). We fix a compatible system of
pn-th roots pin ∈ OK¯ of pi for non-negative integers n, and let pi := (pin) ∈ O[Cp . We have an
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embedding S ↪→ W (O[Cp) mapping u to [pi], and hence the embeddings S ↪→ S ′ ↪→ Acris
compatible with Frobenius endomorphisms. Let B+cris = Acris[
1
p
]. Let u = log[pi], and
B+st = B
+
cris[u]. We also fix a compatible system of primitive p
n-th roots of unity ζpn ∈ OK¯
for non-negative integers n, and let  := (ζpn) ∈ O[Cp . Let t = log[] ∈ B+dR. Note that we
also have t ∈ Acris. Let BdR = B+dR[1t ], Bcris = B+cris[1t ], and Bst = B+st [1t ].
We denote by OE the p-adic completion of S[ 1u ], and let E = Frac(OE). Let Eˆur be the
p-adic completion of the maximal unramified subextension of E in W (Frac(O[Cp))[1p ], and
OEˆur its ring of integers. We let Sur = OEˆur ∩W (O[Cp).
We let K ′∞ =
∞⋃
n=1
K ′(pin) and K ′p∞ =
∞⋃
n=1
K ′(ζpn). Let K ′c = K
′
∞K
′
p∞ , which is the Galois
closure of K ′∞ over K
′. Let Gˆ = Gal(K ′c/K ′), G∞ = Gal(K¯/K ′∞), andHK′ = Gal(K ′c/K ′∞).
Write
t{i} =
ti
pq(i)q(i)!
where q(i) is defined by i = q(i)(p− 1) + r(i) with 0 ≤ r(i) < p− 1. We define
RK0 := {
∞∑
i=0
ait
{i} | ai ∈ S ′K0 , ai → 0 p-adically as i→∞}.
We have a natural map ν : W (O[Cp) → W (k¯) induced by the projection O[Cp → k¯, which
can be seen to extend uniquely to ν : B+cris → W (k¯)[1p ]. For any subring A ⊂ B+cris, write
I+A := A ∩ ker(ν). We have I+S = uS and
I+S
′ = {
∞∑
i=1
bi
b i
e′ c!
ui | bi ∈ W (k), bi → 0 p-adically as i→∞}.
Define Rˆ = W (O[Cp) ∩RK0 and I+ = I+Rˆ. The following lemma is proved in [Liu10].
Lemma 2.3. ([Liu10, Lemma 2.2.1])
1. Rˆ (resp. RK0) is a ϕ-stable S-algebra as a subring in W (O[Cp) (resp. B+cris).
2. Rˆ and I+ (resp. RK0 and I+RK0) are GK′-stable. The GK′-actions on Rˆ and I+
(resp. RK0 and I+RK0) factor through Gˆ.
3. RK0/I+RK0
∼= K0 and Rˆ/I+ ∼= S ′/I+S ′ ∼= S/uS ∼= W (k).
Let r be a positive integer. A Kisin module of height r is a pair (M, ϕM) where M is
a finite free S-module, and ϕM : M → M is a ϕ-semi-linear map such that the cokernel
of the induced map 1 ⊗ ϕM : ϕ∗(M) → M is killed by F (u)r. A morphism between two
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Kisin modules M1,M2 is a morphism as S-modules compatible with ϕMi . Let Mod
r
S(ϕ)
denote the category of Kisin modules of height r. For (M, ϕM) ∈ ModrS(ϕ), we write
Mˆ = Rˆ ⊗ϕ,S M. The Frobenius ϕM on M naturally extends to Mˆ by ϕMˆ(a ⊗ m) =
ϕRˆ(a)⊗ ϕM(m).
Definition 2.4. A (ϕ, Gˆ)-module of height r is a triple (M, ϕM, GˆM) satisfying the following:
• (M, ϕM) is Kisin module of height r.
• GˆM denotes a Rˆ-semi-linear Gˆ-action on Mˆ which commutes with ϕMˆ and induces a
trivial action on Mˆ/I+Mˆ.
• Considering M as a ϕ(S)-submodule of Mˆ, we have M ⊂ MˆHK′ .
A morphism between two (ϕ, Gˆ)-modules M1,M2 of height r is a morphism in ModrS(ϕ)
which commutes with the Gˆ-actions. We denote by ModrS(ϕ, Gˆ) the category of (ϕ, Gˆ)-
modules of height r. For Mˆ ∈ ModrS(ϕ, Gˆ), we associate a Zp[GK′ ]-module Tˆ∨(Mˆ) :=
HomRˆ,ϕ(Mˆ,W (O[Cp)) with GK′-action given by g(f)(x) = g(f(g−1(x))) for g ∈ GK′ , f ∈
Tˆ∨(Mˆ). Here, GK′-action on Mˆ is given by Gˆ-action on Mˆ. Moreover, for M ∈ ModrS(ϕ), we
associate a Zp[G∞]-module T∨S(M) := HomS,ϕ(M,Sur) similarly. The main result proved
in [Liu10] is the following.
Theorem 2.5. (cf. [Liu10, Theorem 2.3.1, Proposition 3.1.3])
1. Tˆ∨ induces an anti-equivalence between ModrS(ϕ, Gˆ) and the category of GK′-stable
Zp-lattices in semi-stable representations of GK′ having Hodge-Tate weights in [0, r].
2. Tˆ∨ induces a natural W (O[Cp)-linear injection
ιˆ : W (O[Cp)⊗Rˆ Mˆ→ W (O[Cp)⊗Zp Tˆ (Mˆ)
such that ιˆ is compatible with Frobenius maps and GK′-actions on both sides. Here,
Tˆ (Mˆ) := HomZp(Tˆ
∨(Mˆ),Zp).
3. There exists a natural isomorphism T∨S(M)
∼=→ Tˆ∨(Mˆ) of Zp[G∞]-modules.
To construct the functor Mst, we establish a connection between (ϕ, Gˆ)-modules and
filtered (ϕ,N,Γ)-modules. Let V ∈ Reppst,K′,rQp , and let T ⊂ V be a GK-stable Zp-lattice.
By Theorem 2.5, there exists a unique M ∈ ModrS(ϕ, Gˆ) such that Tˆ∨(Mˆ) = T as Zp[GK′ ]-
modules. Let D := S ′K0 ⊗ϕ,S M equipped with the Frobenius endomorphism given by
ϕD = ϕS′K0
⊗ϕM. LetD = D/(I+S ′K0)D , which is a finiteK0-vector space equipped with the
Frobenius induced from ϕD . By [Bre97, Proposition 6.2.1.1], there exists a unique section
s : D → D compatible with the Frobenius morphisms on both sides. Thus, D = S ′K0⊗K0D
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if we identify D with s(D). So B+cris⊗Rˆ Mˆ ∼= B+cris⊗K0 D, and the map ιˆ given in Theorem
2.5 (2) induces a natural injection D ↪→ B+cris ⊗Zp T∨ where T∨ := HomZp(T,Zp).
On the other hand, the functor DK
′
st induces an injection
ι : B+st ⊗K0 DK
′
st (V )→ B+st ⊗Qp V ∨
such that ι is compatible with Frobenius, monodromy, filtration, and GK′-action on both
sides. The following is proved in [Liu12].
Proposition 2.6. (cf. [Liu12, Proposition 2.6, Corollary 2.7, 2.8]) There exists a unique
K0-linear isomorphism i : D
K′
st (V ) → D such that i is compatible with the Frobenius mor-
phisms on both sides and makes the following diagram commutative:
DK
′
st (V ) B
+
st ⊗Zp T∨
D B+cris ⊗Zp T∨
i mod u
Furthermore, such i is functorial.
Note that
M/uM ∼= ϕ∗(M)/uϕ∗(M) ⊂ D/I+S ′K0D = D.
We set Mst(T ) ⊂ DK′st (V ) to be the inverse image of ϕ∗(M)/uϕ∗(M) under the isomorphism
i : DK
′
st (V ) → D given in Proposition 2.6. Mst(T ) is a finite free W (k)-lattice in DK′st (V )
stable under Frobenius. Furthermore, it is proved in [Liu12, Corollary 2.12, Proposition
2.15] that Mst(T ) is stable under GK-action and N on DK′st (V ). Thus, Mst(T ) is a lattice of
the filtered (ϕ,N,Γ)-module DK
′
st (V ). And the association Mst(·) is a contravariant functor
from Reppst,K
′,r
Zp
to Lr(ϕ,N,Γ) since the isomorphism i in Proposition 2.6 is functorial.
2.3 Potentially Semi-stable Torsion Representations
We now associate torsion filtered (ϕ,N,Γ)-modules to potentially semi-stable torsion rep-
resentations. Denote by Reppst,K
′,r
tor the category of torsion representations L semi-stable
over K ′ and of height r, in a sense that there exist lattices L1,L2 ∈ Reppst,K′,rZp with aGK-equivariant injection j : L1 ↪→ L2 such that L ∼= L2/j(L1) as Zp[GK ]-modules, and L
is killed by some power of p. Morphisms between two torsion representations in Reppst,K
′,r
tor
are morphisms of Zp[GK ]-modules. We call such (L1,L2, j) a lift of L. We will some-
times denote simply by j a lift of L. Note that a lift of L ∈ Reppst,K′,rtor is not unique.
Let L,L′ ∈ Reppst,K′,rtor with lifts (L1,L2, j), (L ′1,L ′2, j′) respectively. If f : L → L′ is a
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morphism in Reppst,K
′,r
tor , we say a morphism f˜ : L2 → L ′2 in Reppst,K
′,r
Zp
is a lift of f if
f˜(j(L1)) ⊂ j′(L ′1) and f˜ induces f .
We denote by Mfil,rtor (ϕ,N,Γ) the category whose objects are finite W (k)-modules M
killed by some power of p and endowed with the following structures:
• a Frobenius semilinear morphism ϕ : M →M ,
• W (k)-linear map N : M →M satisfying Nϕ = pϕN ,
• W (k)-linear Γ-action on M which commutes with ϕ and N , and
• MK′ := OK′⊗W (k)M has decreasing filtration byOK′-submodules such that Fil0MK′ =
MK′ and Fil
r+1MK′ = 0. Also, γ(Fil
iMK′) ⊂ FiliMK′ for any γ ∈ Γ.
Morphisms in Mfil,rtor (ϕ,N,Γ) are W (k)-linear maps compatible with above structures.
For L ∈ Reppst,K′,rtor with a lift j : L1 ↪→ L2, we can associate an object Mst,j(L) ∈
Mfil,rtor (ϕ,N,Γ) as follows. By Theorem 2.2, we have the morphism Mst(j) : Mst(L2) →
Mst(L1) in Lr(ϕ,N,Γ) corresponding to j, and Mst(j) is injective by [Liu12, Corollary 3.8].
We set Mst,j(L) = Mst(L1)/Mst(j)(Mst(L2)). Then Mst,j(L) has natural endomorphisms
ϕ and N , and Γ-action induced from Mst(L1). Furthermore, tensoring by OK′ on Mst(j)
gives the following exact sequence:
0→ OK′ ⊗W (k) Mst(L2)→ OK′ ⊗W (k) Mst(L1) q→ OK′ ⊗W (k) Mst,j(L)→ 0.
We define the filtration on Mst,j(L)K′ by Fil
iMst,j(L)K′ := q(Fil
iMst(L1)K′). This gives
Mst,j(L) a structure as an object in M
fil,r
tor (ϕ,N,Γ). By the snake lemma, we further have
the following exact sequence of the associated graded modules:
0→ gri(Mst(L2)K′)→ gri(Mst(L1)K′)→ gri(Mst,j(L)K′)→ 0.
If f : L→ L′ is a morphism in Reppst,K′,rtor with a lift f˜ : (L1,L2, j)→ (L ′1,L ′2, j′), then it
induces a morphism Mst,f˜ (f) : Mst,j′(L
′)→Mst,j(L) in Mfil,rtor (ϕ,N,Γ).
Note that the above construction depends on the choice of the lift of L. However, the
following theorem, which can be deduced directly from [Liu15] and [Liu12], shows that the
construction depends on lifts only up to a constant.
Theorem 2.7. There exists a constant c depending only on F (u) and r such that the
following statement holds: for any morphism f : L → L′ in Reppst,K′,rtor with lifts j, j′ of
L,L′ respectively, there exists a morphism h˜ : Mst,j′(L′)→ Mst,j(L) in Mfil,rtor (ϕ,N,Γ) such
that
• if there exists a morphism of lifts f˜ : j → j′ which lifts f , then h˜ = pcMst,f˜ (f),
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• let f ′ : L′ → L′′ be a morphism in Reppst,K′,rtor , j′′ a lift of L′′, and h˜′ : Mst,j′′(L′′) →
Mst,j′(L
′) the morphism in Mfil,rtor (ϕ,N,Γ) associated to f
′, j′, and j′′. If there exists
a morphism of lifts g˜ : j → j′′ which lifts f ′ ◦ f , then h˜ ◦ h˜′ = p2cMst,g˜(f ′ ◦ f).
Proof. It follows directly from [Liu12, Theorem 3.1] and [Liu15, Theorem 2.1.3, Remark
2.1.5].
The following corollary is immediate.
Corollary 2.8. (cf. [Liu12, Corollary 3.2], [Liu15, Corollary 2.1.4]) With notations as in
Theorem 2.7, assume that f : L → L′ is an isomorphism with the inverse f−1 : L′ → L.
Let h˜1 : Mst,j(L)→Mst,j′(L′) be the morphism as in Theorem 2.7 associated to f−1, j, and
j′. Then h˜ ◦ h˜1 = p2cId on Mst,j(L) and h˜1 ◦ h˜ = p2cId on Mst,j′(L′). Furthermore, the
similar statement holds for the induced morphisms on gri(Mst,j(L)K′) and gr
i(Mst,j′(L
′)K′).
2.4 Representation with Coefficient
Let A be a Zp-algebra, and denote by Rep
pst,K′,r
A the subcategory of Rep
pst,K′,r
Zp
whose objects
are A-modules such that GK-actions are A-linear. Morphisms in Reppst,K′,rA are morphisms
of A[GK ]-modules. Let Reppst,K′,rtor,A be the subcategory of Reppst,K
′,r
tor whose objects have
lifts in Reppst,K
′,r
A , and the morphisms are A[GK ]-module morphisms. For L ∈ Reppst,K
′,r
tor,A
having a lift j : L1 ↪→ L2 in Reppst,K′,rA , note that Mst(L1) and Mst(L2) are naturally
A⊗Zp W (k)-modules, and thus so is Mst,j(L).
Proposition 2.9. Let f : L → L′ be a morphism in Reppst,K′,rtor,A , and let j and j′ be lifts
in Reppst,K
′,r
A of L and L
′ respectively. Then, the associated morphism h˜ : Mst,j′(L′) →
Mst,j(L) in M
fil,r
tor (ϕ,N,Γ) as in Theorem 2.7 is a morphism of A⊗Zp W (k)-modules.
Proof. It follows immediately from [Liu12, Proposition 3.13] and [Liu15, Lemma 4.2.4] .
3 Hodge-Tate Type and Galois Type
3.1 Hodge-Tate Type
Let E be a finite extension of Qp, and let B be a finite E-algebra. Let VB be a free B-
module of rank d equipped with a continuous GK-action. Suppose that as a representation
of GK , VB is semi-stable over K ′, i.e., VB ∈ Reppst,K′Qp . Then VB is de Rham over K, and we
set DKdR(VB) = (BdR ⊗Qp V ∨B )GK . For any E-algebra A, we write AK := A⊗Qp K.
Lemma 3.1. (cf. [Liu15, Lemma 4.1.2])
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1. Let B′ be a finite B-algebra, and write VB′ = B′ ⊗B VB. Then DKdR(VB′) ∼= B′ ⊗B
DKdR(VB), and gr
i(DKdR(VB′))
∼= B′ ⊗B gri(DKdR(VB)).
2. DKdR(VB) is a free BK-module of rank d.
Proof. (1) is proved in [Liu15, Lemma 4.1.2]. For (2), since DKdR(VB) = K ⊗K0 DK′st (VB)
, it suffices to prove that DK
′
st (VB) is a free B ⊗Qp K0-module of rank d. For any finite
B-algebra B′, we can show similarly as in (1) that DK
′
st (VB′)
∼= B′ ⊗B DK′st (VB). Let
Bred = B/N (B) where N (B) denotes the nilradical of B. Bred is a reduced Artinian ring,
so there exists a ring isomorphism Bred ∼=
∏m
j=1Ej for some field Ej finite over E. Ej⊗QpK0
is isomorphic to a finite direct product of fields, so DK
′
st (VEj)
∼= Ej ⊗B DK′st (VB) is finite
projective as an Ej ⊗Qp K0-module. Note that the Frobenius morphism on K0 extends
Ej-linearly to Ej ⊗Qp K0, and the extended Frobenius permutes the maximal ideals of
Ej ⊗Qp K0 transitively. Therefore, DK′st (VEj) is a free Ej ⊗Qp K0-module of rank d, and
DK
′
st (VBred) = Bred ⊗B DK′st (VB) is a free Bred ⊗Qp K0-module of rank d.
Let {e1, . . . , ed} be a Bred⊗QpK0-basis of DK′st (VBred), and choose a lift eˆi ∈ DK′st (VB) of
ei. By Nakayama’s lemma, {eˆ1, . . . , eˆd} generate DK′st (VB) as a B ⊗Qp K0-module. Thus,
we have a surjection of B ⊗Qp K0-modules
f :
d⊕
i=1
(B ⊗Qp K0) · eˆi  DK
′
st (VB).
As a K0-vector space, dimK0D
K′
st (VB) = d · dimQpB. Thus, f is an isomorphism, and
DK
′
st (VB) is a free B ⊗Qp K0-module of rank d.
Let DE be a finite E-vector space such that DE,K := DE ⊗Qp K is equipped with a de-
creasing filtration FiliDE,K of E ⊗Qp K-modules and {i | griDE,K 6= 0} ⊂ {0, . . . , r}.
We denote v = (DE,K , {FiliDE,K}i=0,...,r). We say that VB has Hodge-Tate type v if
griDKdR(VB)
∼= B ⊗E griDE,K as BK-modules for all i.
Remark. We can consider a Hodge-Tate type as a conjugacy class of Hodge-Tate cocharacter
in the following way. The Hodge-Tate period ring is given by BHT = Cp[X,X
−1] where
GK acts on X via the cyclotomic character χ. When VB is de Rham and thus Hodge-
Tate, we have the isomorphism αHT : D
K
HT(VB)⊗K BHT
∼=−→ VB ⊗Qp BHT, and DKHT(VB) ∼=⊕
i
griDKdR(VB) as graded B⊗QpK-modules. By base change of αHT via the map BHT → Cp
given by X 7→ 1, we have the isomorphism DKHT(VB) ⊗K Cp ∼= VB ⊗Qp Cp. This gives the
grading on VB ⊗Qp Cp whose graded pieces are B ⊗Qp K-modules. Therefore, we get the
induced map Gm → ResB/Qp(GLB(VB)) over Cp, and we can think of a Hodge-Tate type
as a conjugacy class of Hodge-Tate cocharacter.
When K/Qp is finite and E contains the Galois closure of K, then we can also consider
a Hodge-Tate type as induced from embeddings of K into E, but this point of view does
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not work in our case where K/Qp is allowed to be infinite. Note also that Hodge-Tate type
does not make sense if we allow both B and K to be infinite over Qp, so we always assume
B/Qp is finite.
Lemma 3.2. For a finite B-algebra B′, VB′ has Hodge-Tate type v if VB has Hodge-Tate
type v.
Proof. It follows immediately from Lemma 3.1.
The goal of this subsection is to prove the following theorem:
Theorem 3.3. (cf. [Liu15, Theorem 4.3.4]) There exists a constant c1 depending only on
K ′, r, and d such that the following statement holds:
Let A and A′ be finite flat OE-algebras and let ρ : GK → GLd(A) and ρ′ : GK → GLd(A′)
be representations such that ρ ∈ Reppst,K′,rA and ρ′ ∈ Reppst,K
′,r
A′ . Suppose that there exist an
ideal I ⊂ A such that A/I is killed by a power of p and an OE-linear surjection β : A′  A/I
such that A/I ⊗A ρ ∼= A/I ⊗β,A′ ρ′ as A[GK ]-modules. Let V be the free A[1p ]-module of
rank d equipped with the GK-action corresponding to ρ ⊗Zp Qp, and similarly let V ′ be
corresponding to ρ′ ⊗Zp Qp. If I ⊂ pc1A and V ′ has Hodge-Tate type v, then V also has
Hodge-Tate type v.
When k is further assumed to be finite, Theorem 3.3 is proved in [Liu15, Theorem 4.3.4].
The proof in [Liu15] is based on reducing to the case when E contains the Galois closure
of K ′, and thus require k to be finite. We remove such a restriction in the following.
Since E is a finite extension of Qp, we have a ring isomorphism EK = E ⊗Qp K ∼=∏s
j=1 Hj for some fields Hj finite over K. Note that each Hj is an EK-algebra via EK
∼=∏s
i=1 Hi
qj→ Hj where qj is the natural projection onto the j-th factor. For any EK-module
M , we write Mj := M ⊗EK Hj. Then M ∼= ⊕sj=1Mj. For a filtered EK-module DK ,
we denote (FiliDK)j and (gr
iDK)j by Fil
i
jDK and gr
i
jDK respectively. Since any finite
EK-module is projective, we have gr
i
jDK
∼= FilijDK/Fili+1j DK . Write BHj := B ⊗E Hj.
Lemma 3.4. (cf. [Liu15, Lemma 4.1.4]) With notations as above, VB has Hodge-Tate type
v if and only if grijD
K
dR(VB) is BHj -free and rankBHj gr
i
jD
K
dR(VB) = dimHjgr
i
jDE,K for all
j = 1, . . . , s and i ∈ Z.
Proof. This follows from the same argument as in the proof of [Liu15, Lemma 4.1.4].
Bred = B/N (B) is a reduced Artinian E-algebra, so Bred ∼=
∏m
l=1El for some field El
finite over E. We set VEl = El ⊗B VB.
Lemma 3.5. (cf. [Liu15, Proposition 4.1.5]) VB has Hodge-Tate type v if and only if VEl
has Hodge-Tate type v for each l = 1, . . . ,m.
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Proof. This follows from the same argument as in the proof of [Liu15, Proposition 4.1.5].
The following lemma is useful when we consider an extension of the coefficient field E.
Lemma 3.6. Let H be a field, and let C be a field (possibly of an infinite degree) over H.
Let H ′ be a finite extension of H, and let R and T be finite extensions of H ′. If M is a
C ⊗H R-module such that M ⊗H′ T is a finite free C ⊗H R⊗H′ T -module, then M is finite
free over C ⊗H R.
Proof. M is a finite projective C⊗HR-module, and there exists a surjection f : M⊗H′T 
M of C ⊗H R-modules having a section. Let {e1, . . . , en} be a basis of M ⊗H′ T over
C ⊗H R ⊗H′ T . Let N := ⊕ni=1(C ⊗H R) · f(ei). Then the natural map N → M of
C⊗H R-modules is an injection since {e1, . . . , en} is a basis of M ⊗H′ T over C⊗H R⊗H′ T .
Furthermore, dimCN = dimCM , so it is bijective.
Let L be a finite extension of E, and write BL := L ⊗E B. Given v as above, let
v′ = (DL := L⊗E D, {FiliDL,K = L⊗E FiliDE,K}i=0,...,r).
Lemma 3.7. (cf. [Liu15, Lemma 4.1.6]) With notations as above, VB has Hodge-Tate type
v if and only if VBL := BL ⊗B VB has Hodge-Tate type v′.
Proof. Given Lemma 3.6, it follows from the same argument as in the proof of [Liu15,
Lemma 4.1.6].
Lemma 3.8. Suppose we have an injection B ↪→ B′ of finite E-algebras. If VB′ = B′⊗BVB
has Hodge-Tate type v, then also VB has Hodge-Tate type v.
Proof. We have an induced injection of finite E-algebras Bred ↪→ B′red. By Lemma 3.5, we
can reduce to the case when B and B′ are fields. Then it follows from Lemma 3.4 and
Lemma 3.6.
As we will apply the functor Mst to GK-representations semi-stable over K ′, we need to
consider DK
′
dR(VB) := (BdR ⊗Qp V ∨B )GK′ . Note that DK′dR(VB) = DKdR(VB) ⊗K K ′. Thus, by
essentially the same argument as in the proof of Lemma 3.7, we see that VB has Hodge-
Tate type v if and only if griDK
′
dR(VB)
∼= B ⊗E griDE,K′ as BK′-modules for all i. Here,
DE,K′ := DE ⊗Qp K ′ = DE,K ⊗K K ′ which has the induced filtration from DE,K .
Let K1 ⊂ E be the maximal unramified subextension over Qp. Then K1 = W (k1)[1p ]
for some finite field k1, and E/K1 is totally ramified. Choose a uniformizer $E ∈ E,
and let F˜ (u) be its Eisenstein polynomial over K1. Let G(u) be a monic irreducible poly-
nomial in Qp[u] such that K1 ∼= Qp[u]/G(u)Qp[u], and let G(u) =
∏m
j=1Gj(u) be the
decomposition into monic irreducible polynomials in K0[u]. Note that Gj(u) ∈ W (k)[u].
Denote by G¯j(u) ∈ k[u] the reduction of Gj(u) mod p. Then G¯j(u) is irreducible in k[u]
and k[u]/G¯j(u)k[u] ∼= lj for a finite extension lj/k. By the Chinese remainder theorem,
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W (k1)⊗ZpW (k) ∼=
∏m
j=1W (lj). Since F˜ (u) is irreducible over W (lj)[
1
p
] for each j, we have
E ⊗Qp K0 ∼=
∏m
j=1 Lj and OE ⊗Zp W (k) ∼=
∏m
j=1OLj where Lj := (W (lj)[1p ])($E).
For each j = 1, . . . ,m, let F (u) =
∏tj
s=1 Fjs(u) be the decomposition of F (u) into monic
irreducible polynomials in Lj[u], and choose a root $js of Fjs(u) for each s. Then
Lj ⊗K0 K ′ ∼=
tj∏
s=1
Lj[u]/Fjs(u)Lj[u]
∼=
tj∏
s=1
Tjs
where Tjs := Lj($js). Thus, we have ring isomorphisms
E ⊗Qp K ′ ∼= (E ⊗Qp K0)⊗K0 K ′ ∼=
m∏
j=1
tj∏
s=1
Tjs .
Let t =
∑m
j=1 tj. After re-indexing the fields Tjs , we have E ⊗Qp K ′ ∼=
∏t
s=1 Tj, and the
statement analogous to Lemma 3.4 holds for DK
′
dR(VB).
Let OE,K′ := OE⊗ZpOK′ . The projection qs : EK′ → Ts induces the map OE,K′ → OTs ,
and we have the natural map q : OE,K′ →
∏t
s=1OTs . Denote by vp the p-adic valuation
normalized by vp(p) = 1.
Lemma 3.9. There exists a positive integer c′ depending only on K0 and F (u) such that
pc
′
(
∏t
s=1OTs) ⊂ q(OE,K′).
Proof. For a field L finite over K0, let F (u) =
∏w
s=1 Fs(u) be the decomposition of F (u)
into monic irreducible polynomials in L[u], and choose a root $s of Fs(u) for each s. We
have
L⊗K0 K ′ ∼=
w∏
s=1
L[u]/Fs(u)L[u] ∼=
w∏
s=1
L′s
where L′s := L($s). Let q
′
s : L⊗K0 K ′ → L′s be the composition of the above isomorphism
followed by the projection onto the s-th factor. Then q′s induces a surjection OL ⊗Zp
OK′  OL′s , and we have the natural map OL ⊗Zp OK′ ↪→
∏w
s=1OL′s . Under this map,∏
h6=s Fh(pi) maps to (0, . . . , 0,
∏
h6=s Fh($s), 0, . . . , 0) whose components are 0 except the s-
th component. Write vp(
∏
h6=s Fh($s)) =
a
b
for some relatively prime positive integers a, b.
Then (
∏
h6=s Fh($s))
b = pax for some x ∈ O×Ls with vp(x) = 0. Thus, (0, . . . , 0, pa, 0, . . . , 0),
whose components are 0 except the s-th component, lies in the image of OL⊗ZpOK′ under
the above map.
Repeating this argument for all s = 1, . . . , w and considering all possible decompositions
of F (u) into irreducible factors over some finite field over K0, we see that there exists a
positive integer c′ depending only on K0 and F (u) such that for any L finite over K0, if
we write L ⊗K0 K ∼=
∏w
s=1 L($s) as above, then for each s, (0, . . . , 0, p
c′ , 0, . . . , 0) whose
components are 0 except the s-th component lies in the image of OL ⊗Zp OK′ . Applying
this for each Lj, we get the result.
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Corollary 3.10. Let M be a torsion free OE,K′-module. Then the torsion part of Ms :=
M ⊗OE,K′ ,qs OTs is killed by pc
′
, where c′ is the constant given in Lemma 3.9.
Proof. Let M ′ = ⊕ts=1Ms. By Lemma 3.9, there exist morphisms of OE,K′-modules qM :
M → M ′ and sM : M ′ → M such that qM ◦ sM = pc′Id|M ′ . Let x be a torsion element in
M ′. Then sM(x) = 0, so pc
′
x = qM(sM(x)) = 0.
Let C be a finite flat OE-algebra, and let Λ ∈ Reppst,K′,rC such that Λ is a finite free
C-module of rank d and Λ[1
p
] has Hodge-Tate type v. Since OE is henselian, C ∼=
∏n
j=1Cj
where each Cj is a finite flat local OE-algebra. We say C is good if for each j = 1, . . . , n,
there exists a prime ideal pj ⊂ Cj such that Cj/pj ∼= OFj for some finite extension Fj/Qp.
Let LK′ := Mst(Λ)K′ .
Lemma 3.11. Suppose C is good. Then LK′ is finite free over CK′ := C ⊗Zp OK′ of rank
d.
Proof. By Theorem 2.5, there exists a unique Kisin module M ∈ ModrS(ϕ, Gˆ) such that
Tˆ∨(Mˆ) = Λ. Write SC := C ⊗Zp S. By the construction of the functor Mst in Section
2.2, it suffices to show that M is a finite free SC-module of rank d. The Kisin module
corresponding to Cj ⊗C Λ is Cj ⊗C M, so we may assume without loss of generality that
n = 1 and so that C is a local ring.
The Kisin module corresponding to OF1 ⊗C Λ (via C/p1 ∼= OF1) is M′ := OF1 ⊗C M.
Since M′ is finite free over S, M′/uM′ is p-torsion free. Thus, M′/uM′ is a projective
OF1⊗ZpW (k)-module. Since (M′/uM′)[1p ] is isomorphic to its pullback by ϕ and ϕ permutes
the maximal ideals of OF1 ⊗Zp W (k) transitively, M′/uM′ is a free OF1 ⊗Zp W (k)-module
of rank d. Thus, M′ is a free OF1 ⊗Zp S-module of rank d.
By Nakayama’s lemma, we have a surjection
f :
d⊕
i=1
SC · ei M
of SC-modules. Λ is a free Zp-module of rank [C : Zp]d, so M is free over S of rank
[C : Zp]d. Thus, f is an isomorphism.
Suppose that C is good and that there exists an ideal J ⊂ C such that C/J ∼= OE/pbOE
for some positive integer b. For s = 1, . . . , t, we set C[1
p
]s := (C[
1
p
] ⊗Qp K ′) ⊗EK′ ,qs Ts,
and define ds := rankC[ 1
p
]s
(gr0s(D
K′
dR(Λ[
1
p
]))). Denote FilisLK′ := Fil
iLK′ ⊗OE,K′ ,qs OTs , and
similarly for the graded modules. By Lemma 3.11, Fil0sLK′ is free over Cs := CK′ ⊗OE,K′ ,qsOTs of rank d.
Lemma 3.12. (cf. [Liu15, Lemma 4.2.7]) Suppose that ds 6= 0. Let l be a positive integer
satisfying b ≥ ld+ 1. Then there exists x ∈ gr0sLK′/Jgr0sLK′ such that plx 6= 0.
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Proof. This follows from essentially the same argument as in the proof of [Liu15, Lemma
4.2.7]. For any C-module M , denote M/JM by M/J . We have the following right exact
sequence:
Fil1sLK′ → Fil0sLK′ → gr0sLK′ → 0.
Let F˜il
1
sLK′ be the image of Fil
1
sLK′ in Fil
0
sLK′ under the first map in the above sequence.
We then obtain the following right exact sequence
F˜il
1
sLK′/J → Fil0sLK′/J → gr0sLK′/J → 0.
Denote M¯ := Fil0sLK′/J and let N¯ ⊂ M¯ be the submodule given by the image of F˜il
1
sLK′/J .
Then M¯/N¯ = gr0sLK′/J .
Suppose that pl annihilates M¯/N¯ . By Lemma 3.11, M¯ is a finite free OTs/pbOTs-module
of rank d. Let p¯is be a uniformizer of OTs . Then there exists an OTs/pbOTs-basis e¯1, . . . , e¯d
of M¯ such that
N¯ ∼=
d⊕
i=1
(OTs/pbOTs) · (p¯iais e¯i)
for some nonnegative integers ai. We have p¯i
ai
s | pl for all i = 1, . . . , d. Let e1, . . . , ed be a
Cs-basis of Fil
0
sLK′ which lifts e¯1, . . . , e¯d. For i = 1, . . . , d, let yi ∈ F˜il
1
sLK′ which lifts p¯i
ai
s e¯i.
If X denotes the d× d-matrix such that (y1, . . . , yd) = (e1, . . . , ed)X, then det(X) = p¯ias + j
with a =
∑d
i=1 ai and j ∈ J . Since b ≥ ld + 1, we have p¯ias 6= 0 in Cs/J , and thus
det(X) 6= 0 in Cs. On the other hand, let z¯1, . . . , z¯ds be a C[1p ]s-basis of gr0s(DK
′
dR(Λ[
1
p
])).
We have det(X)(e1, . . . , ed) ⊂ Fil1s(DK′dR(Λ[1p ])), and therefore det(X)z¯i = 0. This gives a
contradiction.
Proof of Theorem 3.3. Given above results, Theorem 3.3 follows from essentially the same
argument as in the proof of [Liu15, Theorem 4.3.4], except that we do not reduce to the
case where E contains the Galois closure of K ′. We also remark that the proof of [Liu15]
reduces to the case A′ is local. But A′ is not necessarily finite over OE after such reduction,
which has been overlooked in [Liu15]. This is a very minor gap, and we remedy it by only
reducing to the case A′ is good.
We first reduce to the case where A = OE and A′ is good. For this, let B := A⊗Zp Qp
and B′ := A′ ⊗Zp Qp. We have Bred = B/N (B) ∼=
∏
j Ej and B
′
red
∼= ∏E ′j for some
Ej, E
′
j finite over E. Let L be a finite Galois extension of E containing all Galois closures
of Ej, E
′
j. Denote OL ⊗OE (∗) by (∗)OL for (∗) being A,A′, ρ, ρ′, I, and β. Note that
(AOL [
1
p
])red = L ⊗E Bred = L ⊗E
∏
Ej ∼=
∏
i L with Ej embedding into L differently, and
similarly for (A′OL [
1
p
])red. This induces the natural map ψl : AOL → (AOL)[1p ]  L to the
l-th factor of
∏
i L. By Lemma 3.5 and 3.7, it suffices to show (assuming I ⊂ pc1A for
a suitable constant c1) that L ⊗ψl,AOL (ρ)OL has Hodge-Tate type v. Let Al = ψl(AOL)
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and Il = ψl(IOL). ψl : AOL  Al ⊂ L is a morphism of OL-algebras, so Al = OL (and
analogously for A′OL), and we have a natural projection γl : AOL/IOL  Al/Il. Thus, by
replacing E by L and A′ by A′OL , we can assume that A = OE and that A′ is good.
Let T denote the torsion representation A/I ⊗A ρ ∼= A′/I ′ ⊗A′ ρ′ ∈ Reppst,K′,rtor,OE where
I ′ = ker(β). We denote by j and j′ the two lifts ρ and ρ′ of T respectively. Write
LK′ := Mst(ρ)K′ , L
′
K′ := Mst(ρ
′)K′ ,MK′ := Mst,j(T )K′ , and M ′K′ := Mst,j′(T )K′ . We have
grisMK′
∼= grisLK′/IgrisLK′ and grisM ′K′ ∼= grisL′K′/I ′grisL′K′ for s = 1, . . . , t. By Corollary
2.8 and Proposition 2.9, there exist morphisms of OTs-modules gis : grisMK′ → grisM ′K′ and
his : gr
i
sM
′
K′ → grisMK′ such that gis ◦ his = p2cId|grisM ′K′ and his ◦ gis = p2cId|grisMK′ .
Now, we set c˜ = c˜(K ′, r, d) := (2c+ c′)d+ 1 where c and c′ are given as in Theorem 2.7
and Lemma 3.9 respectively. Assume I ⊂ pc˜A = pc˜OE. We claim that if gr0s(DK′dR(V ′)) 6= 0,
then gr0s(D
K′
dR(V )) 6= 0. Suppose gr0s(DK′dR(V )) = 0. By Corollary 3.10, gr0sMK′ is killed
by pc
′
. But by Lemma 3.12, there exists x ∈ gr0sM ′K′ such that pc′+2cx 6= 0. We have a
contradiction since pc
′+2cx = g0s(p
c′h0s(x)).
On the other hand, let B′ = A′[1
p
], and denote d0 = dimTsgr
0
s(D
K′
dR(V )). We claim
(assuming I ⊂ pc˜OE) that d0 ≤ dimTsgr0s(DK′dR(V ′)). For this, note that as an OTs-module,
gr0sLK′ = Ntor ⊕ N where Ntor is the torsion submodule of gr0sLK′ and N is a finite free
OTs-module of rank d0. By Corollary 3.10,
gr0sMK′
∼= Ntor ⊕
d0⊕
i=1
OTs/IOTs .
Let N¯ := pc
′⊕d0
i=1OTs/IOTs . Then pc
′
gr0sMK′ = N¯ , again by Corollary 3.10, and there-
fore h0s(g
0
s(N¯))
∼= ⊕d0i=1 p2c+c′OTs/IOTs . Since pc′gr0sL′K′ surjects onto h0s(pc′gr0sM ′K′) and
g0s(N¯) ⊂ pc′gr0sM ′K′ , we have by Corollary 3.10 that the OTs-rank of pc′gr0sL′K′ is at least
d0. Thus, the OTs-rank of gr0sL′K′ is at least d0, and dimTsgr0s(DK′dR(V ′)) ≥ d0.
Hence, assuming I ⊂ pc˜OE, we have gr0s(DK′dR(V )) 6= 0 if and only if gr0s(DK′dR(V ′)) 6= 0.
For the last step, we set c1 = c˜(K
′, dr, d) and assume I ⊂ pc1OE. It suffices to show
that for each i,
dimTsgr
i
s(D
K′
dR(V )) = rankB′Tsgr
i
s(D
K′
dR(V
′)).
Suppose that the above equality fails for some i, and let i∗ be the smallest such number.
Write di = dimTsgr
i
s(D
K′
dR(V )) and d
′
i = rankB′Tsgr
i
s(D
K′
dR(V
′)). Suppose first di∗ > d
′
i∗ . We
set t1 =
∑
i≤i∗ di and t2 =
∑
i≤i∗ idi. Let i˜ = max{i |
∑
j≤i d
′
j ≤ t1} and t′ =
∑
i≤i˜ d
′
i.
Then i∗ ≤ i˜ and t′ ≤ t1. Let
t′′ = (
∑
i≤i˜
id′i) + (t1 − t′)(˜i+ 1).
We have t2 < t
′′. Moreover, t2 (resp. t′′) is the smallest i such that gris(D
K′
dR(
∧t1 V )) (resp.
gris(D
K′
dR(
∧t1 V ′))) is nontrivial. Let χ be a crystalline character such that gris(DK′dR(χ)) 6= 0
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only when i = −t2. Then gr0s(DK′dR(χ
∧t1 V )) is nontrivial. From the above result applied
to χ
∧t1 V and χ∧t1 V ′, we see that gr0s(DK′dR(χ∧t1 V ′)) is also nontrivial, leading to a
contradiction.
By switching the roles of V and V ′, it follows similarly that we cannot have di∗ < d
′
i∗ .
This completes the proof.
3.2 Galois Type
We now study the Galois types of potentially semi-stable representations. As in Section
3.1, let E be a finite field over Qp, and let B be a finite E-algebra. Let VB be a free
B-module of rank d equipped with a potentially semi-stable continuous GK-action. Let
Dpst(VB) = lim−→
K⊂K′′
(Bst ⊗Qp V ∨B )GK′′ ,
where the limit goes over finite extensionsK ′′ ofK contained in K¯. Denote byKur0 the union
of finite unramified extensions of K0 contained in K¯. We have dimKur0 Dpst(VB) = dimQpVB.
Lemma 3.13. Let B′ be a finite B-algebra, and write VB′ = B′ ⊗B VB. Then VB′ is
potentially semi-stable as a GK-representation, and Dpst(VB′) ∼= B′ ⊗B Dpst(VB). If VB
becomes semi-stable over L ⊃ K, then so does VB′. Furthermore, Dpst(VB) is a free B⊗Qp
Kur0 -module of rank d.
Proof. It follows from essentially the same proof as for Lemma 3.1.
Dpst(VB) is equipped with a K
ur
0 -semilinear action of GK , and thus a Kur0 -linear ac-
tion of the inertia group IK . The Frobenius action commutes with the IK-action, so
tr(σ|Dpst(VB)) ∈ B for all σ ∈ IK .
Let DE be an E-vector space of dimension d, and let DE,K = DE ⊗QpK equipped with
a filtration giving a Hodge-Tate type v. Fix a representation
τ : IK → EndE(DE)
with an open kernel. Note that there exists an IK-stable OE-lattice in DE, so tr(τ(σ)) ∈ OE
for all σ ∈ IK . We say VB has Galois type τ if the IK-representation Dpst(VB) is equivalent
to τ , i.e., tr(σ|Dpst(VB)) = tr(τ(σ)) for all σ ∈ IK .
Let L/K be a finite Galois extension contained in K¯ such that IL ⊂ ker(τ). Here, IL
denotes the inertia subgroup of GL. DLst(VB) = (Bst⊗Qp V ∨B )GL is an L0-vector space where
L0 is the maximal unramified subextension of K0 contained in L. If VB is semi-stable over
L, then Dpst(VB) ∼= Kur0 ⊗L0 DLst(VB). Therefore, VB has Galois type τ if and only if VB is
semi-stable over L and tr(σ|DLst(VB)) = tr(τ(σ)) for all σ ∈ IL/K , where IL/K is the inertia
subgroup of Gal(L/K).
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Lemma 3.14. Let α : B → B′ be an E-algebra morphism between finite E-algebras.
Suppose V is semi-stable over L. Then for all σ ∈ IL/K, we have tr(σ|DLst(VB′)) =
α(tr(σ|DLst(VB))). In particular, if VB has Galois type τ , then so does VB′. If α is in-
jective, then the converse is also true, i.e., VB has Galois type τ if and only if VB′ has
Galois type τ .
Proof. Dpst(VB′) ∼= B′ ⊗B Dpst(VB) by Lemma 3.13, so
tr(σ|DLst(VB′)) = α(tr(σ|DLst(VB)))
for all σ ∈ IL/K . The remaining statements follow immediately.
Consider the case when B is local. If E ′ is its residue field, then E ′ is finite over E and B
is naturally an E ′-algebra. Note that the IK-action on Dpst(VB) has an open kernel. Since
the cohomology of a finite group with coefficients in E ′ ⊗Qp Kur0 is trivial in all positive
degrees, it follows from the deformation theory that the representation Dpst(VB) arises from
a representation over E ′⊗QpKur0 . Thus, VB has Galois type τ if and only if VE′ = E ′⊗B VB
has Galois type τ . For a general finite E-algebra B, we have isomorphisms B ∼= ∏ni=1Bmi
and Bred ∼=
∏n
i=1 Ei, where m1, . . . ,mn are the maximal ideals of B and Ei = Bmi/miBmi .
Let VEi = Ei ⊗B VB. The following lemmas are analogous to Lemma 3.5 and 3.7.
Lemma 3.15. VB has Galois type τ if and only if VEi has Galois type τ for each i =
1, . . . , n.
Proof. It follows directly from Lemma 3.14.
Lemma 3.16. Let E ′ be a finite extension of E, and let BE′ = E ′ ⊗E B and VBE′ =
BE′ ⊗B VB. Then VB has Galois type τ if and only if VBE′ has Galois type τ .
Proof. Since the natural map of E-algebras B → BE′ is injective, it follows from Lemma
3.14.
The following theorem is essential in studying the locus of representations with a given
Galois type.
Theorem 3.17. Let τ be a Galois type, and let L/K be a finite Galois extension in K¯
over which τ becomes trivial. Let A be a finite flat OE-algebra and ρ : GK → GLd(A) be a
Galois representation such that ρ⊗Zp Qp is semi-stable over L having Hodge-Tate weights
in [0, r].
Suppose that for each positive integer n, there exist a finite flat OE-algebra An, a Galois
representation ρn : GK → GLd(An), and an OE-linear surjection βn : An → A/pnA such
that A/pnA⊗A ρ ∼= A/pnA⊗βn,An ρn as A[GK ]-modules, and that ρn ⊗Zp Qp is semi-stable
over L having Hodge-Tate weights in [0, r] and Galois type τ .
Then ρ⊗Zp Qp also has Galois type τ .
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Proof. Let B = A[1
p
]. We have Bred ∼=
∏
iEi for some finite extensions Ei/E. Let H/E
be a finite Galois extension containing the Galois closures of Ei for all i. We write AOH =
OH ⊗OE A. Then (AOH [1p ])red ∼= H ⊗E Bred ∼= H ⊗E
∏
iEi. Since H contains the Galois
closures of Ei for all i, H ⊗E Ei ∼=
∏
j H with Ei embedding to H differently. This induces
the natural map ψl : AOH → AOH [1p ] → H to the l-th factor of
∏
j H. Let Al = ψl(AOH ).
Since ψl : AOH  Al ⊂ H is a morphism of OH-algebras, Al = OH . By Lemma 3.15 and
3.16, it suffices to show that H ⊗ψl,AOH (AOH ⊗A ρ) has Galois type τ . Therefore, we may
and will replace A by OH , ρ by OH ⊗ψl,AOH (AOH ⊗A ρ), An by OH ⊗OE An, and replace
βn and ρn accordingly.
Denote by L0 the maximal unramified extension of K0 contained in L. Note that
IL/K ∼= IL/KL0 . Applying the results of Section 2 with (L0, KL0, L) in place of (K0, K,K ′),
we get the associated lattice Mst(ρ) ∈ Lr(ϕ,N,Gal(L/KL0)) in DLst(ρ⊗ZpQp). By the proof
of Lemma 3.11, Mst(ρ) is a free OH ⊗Zp OL0-module of rank d. Thus, for all σ ∈ IL/K ,
tr(σ|DLst(ρ⊗Zp Qp)) = tr(σ|Mst(ρ)) ∈ OH .
Now, fix a positive integer n, and let Bn = An[
1
p
]. Bn,red ∼=
∏
i Fi for some finite
extensions Fi/E. Let H
′/H be a finite Galois extension which contains the Galois closures
of Fi for all i. Similarly as in the proof of Theorem 3.3, we see that OH′ ⊗OH An is good
(as defined in Section 3.1). Thus, Mst(OH′ ⊗OH ρn) ∈ Lr(ϕ,N,Gal(L/KL0)) is a free
(OH′ ⊗OH An)⊗Zp OL0-module of rank d by the proof of Lemma 3.11.
Note that we have the surjection OH′ ⊗OH βn : OH′ ⊗OH An  OH′ ⊗OH A/pnA =
OH′/pnOH′ . Denote by T the torsion GK-representation
OH′/pnOH′ ⊗OH′ (OH′ ⊗OH ρ) ∼= OH′/pnOH′ ⊗OH′⊗OH βn, OH′⊗OHAn (OH′ ⊗OH ρn).
T has two lifts j1 and j2 corresponding to OH′ ⊗OH ρ and OH′ ⊗OH ρn respectively,
and we obtain Mst,j1(T ), Mst,j2(T ) ∈ Mfil,rtor (ϕ,N,Gal(L/KL0)). Note that Mst,j1(T ) ∼=
OH′/pnOH′⊗OH′Mst(OH′⊗OHρ) andMst,j2(T ) ∼= (OH′⊗OHAn)/ker(OH′⊗OHβn)⊗OH′⊗OHAn
Mst(OH′ ⊗OH ρn). Thus, Mst,j1(T ) and Mst,j2(T ) are free over OH′/pnOH′ ⊗Zp OL0 of rank
d, for which we fix a choice of bases. Let σ ∈ IL/K , and for i = 1, 2, let Ci be the
d × d matrix with coefficients in OH′/pnOH′ ⊗Zp OL0 which represents the σ-action on
Mst,ji(T ) with respect to the chosen bases. By Corollary 2.8 and Proposition 2.9, there
exist IL/K-equivariant OH′ ⊗Zp OL0-module morphisms g1 : Mst,j1(T ) → Mst,j2(T ) and
g2 : Mst,j2(T ) → Mst,j1(T ) such that g1 ◦ g2 = pc′′Id|Mst,j2 (T ) and g2 ◦ g1 = pc
′′
Id|Mst,j1 (T )
where c′′ is a constant depending only on the Eisenstein polynomial for L/L0 and r. For
i = 1, 2, let Di be the d× d matrix with coefficients in OH′/pnOH′ ⊗Zp OL0 representing gi.
Then D1D2 = D2D1 = p
c′′Id and C2D1 = D1C1. Thus,
tr(C2D1D2) = tr(D1C1D2) = tr(D2D1C1),
i.e., pc
′′
tr(C1) = p
c′′tr(C2) in OH′/pnOH′ . Since tr(σ|Mst(OH′ ⊗OH ρn)) = tr(τ(σ)) ∈ OE
and tr(σ|Mst(OH′ ⊗OH ρ)) = tr(σ|Mst(ρ)) ∈ OH , we have
tr(σ|Mst(ρ˜))− tr(τ(σ)) ∈ pn−c′′OH .
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Since this holds for all positive integers n, we have tr(σ|Mst(ρ˜)) = tr(τ(σ)).
4 Galois Deformation Ring
We now construct the quotient of the universal deformation ring which corresponds to
the locus of potentially semi-stable representations of a given Hodge-Tate type and Galois
type. Let E/Qp be a finite extension with residue field F. Denote by C the category of
topological local OE-algebras A satisfying the following conditions:
• The natural map OE → A/mA is surjective.
• The map from A to the projective limit of its discrete artinian quotients is a topo-
logical isomorphism.
Note that the first condition implies F is also the residue field of A. The second
condition is equivalent to the condition that A is complete and its topology can be given
by a collection of open ideals a for which A/a is artinian. Morphisms in C are continuous
OE-algebra homomorphism.
Proposition 4.1. ([SL97, Proposition 2.4]) Suppose A is a noetherian ring in C. Then the
topology on A is equal to the mA-adic topology, and A is mA-adically complete. Furthermore,
every OE-algebra homomorphism A→ A′ with A′ in C is continuous.
Let V0 be a continuous F-representation of GK having rank d. For A ∈ C, a deformation
of V0 in A is an isomorphism class of continuous A-representations V of GK satisfying
F⊗A V ∼= V0 as F[GK ]-modules. We denote by Def(V0, A) the set of such deformations. A
morphism A → A′ in C induces a map f∗ : Def(V0, A) → Def(V0, A′) sending the class of
a representation V over A to the class of A′ ⊗f,A V . Assume V0 is absolutely irreducible.
Then, the following is proved in [SL97].
Proposition 4.2. (cf. [SL97, Theorem 2.3]) There exists a universal deformation ring
R ∈ C and a deformation VR ∈ Def(V0, R) such that for all rings A ∈ C, we have a
bijection
HomC(R,A)
∼=→ Def(V0, A) (4.1)
given by f 7→ f∗(VR). The ring R is noetherian if and only if dimFH1(GK ,EndF(V0)) is
finite.
Note that if K/Qp is not finite, then R is not necessarily noetherian in general.
We fix a Hodge-Tate type v and Galois type τ , and let L/K be a finite Galois extension
over which τ becomes trivial. Let C0 be the full subcategory of C consisting of artinian
rings. Abusing the notation, we write V ∈ Def(V0, A) for a continuous A-representation
V to mean that F ⊗A V ∼= V0. For A ∈ C0 and a GK-representation VA ∈ Def(V0, A), we
20
say VA is potentially semi-stable of type (v, τ) if there exist a finite flat OE-algebra B, a
surjection g : B → A of OE-algebras, and a continuous B-representation VB of GK such
that VB ⊗Zp Qp is potentially semi-stable having Hodge-Tate type v and Galois type τ ,
and A ⊗g,B VB ∼= VA as A[GK ]-modules. For A ∈ C, denote by Sv,τ (A) the subset of
Def(V0, A) consisting of the isomorphism classes of representations VA such that A/a⊗AVA
is potentially semi-stable of type (v, τ) for all open ideals a ( A.
Proposition 4.3. For any C-morphism f : A → A′, we have f∗(Sv,τ (A)) ⊂ Sv,τ (A′).
There exists a closed ideal av,τ of the universal deformation ring R such that the map (4.1)
induces a bijection HomC(R/av,τ , A)
∼=→ Sv,τ (A).
Proof. We check the conditions in [SL97, Section 6]. Let f : A ↪→ A′ be an inclusion
of artinian rings in C, and let VA ∈ Def(V0, A) be a representation. We first claim that
VA ∈ Sv,τ (A) if and only if VA′ := A′⊗f,A VA ∈ Sv,τ (A′). Suppose that VA ∈ Sv,τ (A). Then
there exist a finite flat OE-algebra B, a surjection g : B → A, and a B-representation
VB such that VB ⊗Zp Qp is potentially semi-stable having Hodge-Tate type v and Galois
type τ , and A ⊗g,B VB ∼= VA. There exists a surjection f ′ : A[x1, . . . , xn]  A′ of OE-
algebras extending f such that f ′(xi) ∈ mA′ for each i. Let Im,A ⊂ A[x1, . . . , xn] denote
the ideal generated by the m-th degree homogeneous polynomials with coefficients in A.
Since A′ is artinian, f ′(Im,A) = 0 for a sufficiently large m, and f ′ induces a surjection
A[x1, . . . , xn]/Im,A  A′ for such m. Thus, we have surjective homomorphisms of OE-
algebras
g′ : B′ := B[x1, . . . , xn]/Im,B  A[x1, . . . , xn]/Im,A  A′.
Note that B′ is a finite flat OE-algebra. Let VB′ = B′ ⊗B VB. Then VB′ ⊗Zp Qp is semi-
stable over L. By Lemma 3.2 and 3.14, it has Hodge-Tate type v and Galois type τ .
A′ ⊗g′,B′ VB′ ∼= VA′ , so VA′ ∈ Sv,τ (A′).
Conversely, suppose VA′ ∈ Sv,τ (A′). Then there exist a finite flat OE-algebra B′, a
surjection g′ : B′ → A′, and a B′-representation VB′ such that VB′ ⊗Zp Qp is potentially
semi-stable having Hodge-Tate type v and Galois type τ , and we have an isomorphism
h : A′⊗g′,B′ VB′
∼=−→ VA′ of A′-representations. Since OE is henselian, B′ is a finite product
of local rings flat over OE. By Lemma 3.2 and Lemma 3.14, we can take B′ to be a local
ring, since A′ is local. Thus, we can lift the isomorphism h to an isomorphism of B′-modules
h1 : VB′
∼=−→ VB′ such that the composite
A′ ⊗g′,B′ VB′ id⊗h
−1
1−→ A′ ⊗g′,B′ VB′ h−→ VA′
is the identity map of A′-modules.
Let B be the kernel of the composite of morphisms B′
g′→ A′ → A′/f(A). Then B is a
finite flat OE-algebra, and we have the surjection g : B  A of OE-algebras induced from
g′. Let VB be the kernel of the following composite of morphisms
VB′
h−11−→ VB′ → A′ ⊗g′,B′ VB′ h−→ VA′ → A′/f(A)⊗A′ VA′ .
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Then VB is a continous B-representation of GK such that B′⊗B VB ∼= VB′ and A⊗g,B VB ∼=
VA, since VA′ = A
′⊗f,AVA. By the main theorem for semi-stable representations in [Liu07],
VB ⊗Zp Qp is semi-stable over L. It has Hodge-Tate type v and Galois type τ by Lemma
3.8 and 3.14, and therefore VA ∈ Sv,τ (A).
Now, for A ∈ C and a representation VA ∈ Def(V0, A), suppose a1, a2 ( A are open
ideals such that A/ai ⊗A VA ∈ Sv,τ (A/ai) for i = 1, 2. We claim that A/(a1 ∩ a2)⊗A VA ∈
Sv,τ (A/(a1 ∩ a2)). There exist a finite flat OE-algebra Bi, a surjection gi : Bi  A/ai,
and a Bi-representation VBi such that VBi ⊗Zp Qp is potentially semi-stable having Hodge-
Tate type v and Galois type τ , and that A/ai ⊗gi,Bi VBi ∼= A/ai ⊗A VA. Let VB1×B2 be the
(B1×B2)-representation corresponding to VB1⊕VB2 . Note that VB1×B2⊗ZpQp is potentially
semi-stable having Hodge-Tate type v and Galois type τ . Consider the natural inclusion
A/(a1 ∩ a2) ⊂ A/a1 × A/a2. Let B be the kernel of the composite of morphisms
B1 ×B2 g1×g2−→ A/a1 × A/a2 → (A/a1 × A/a2)/(A/(a1 ∩ a2)).
Then B is a finite flat OE-algebra, and we have the surjection g : B → A/(a1∩a2) induced
from g1 × g2. Let VB be the kernel of the composite of morphisms
VB1×B2 → (A/a1 × A/a2)⊗g1×g2,B1×B2 VB1×B2 ∼= (A/a1 × A/a2)⊗A VA
and
(A/a1 × A/a2)⊗A VA → (A/a1 × A/a2)/(A/(a1 ∩ a2))⊗A VA.
Then VB is a continuous B-representation of GK such that (B1 × B2) ⊗B VB ∼= VB1×B2
and A/(a1 ∩ a2) ⊗g,B VB ∼= A/(a1 ∩ a2) ⊗A VA. By the main theorem for semi-stable
representations in [Liu07], VB ⊗Zp Qp is semi-stable over L. It has Hodge-Tate type v and
Galois type τ by Lemma 3.8 and 3.14. Thus, A/(a1 ∩ a2)⊗A VA ∈ Sv,τ (A/(a1 ∩ a2)).
The result then follows by [SL97, Proposition 6.1].
Finally, we prove the main theorem.
Theorem 4.4. Let A be a finite flat OE-algebra, and let f : R → A be a continuous OE-
algebra homomorphism (where we equip A with the (p)-adic topology). Then the induced
representation A[1
p
]⊗f,R VR is potentially semi-stable of Hodge-Tate type v and Galois type
τ if and only if f factors through the quotient R/av,τ .
Proof. Let A1 = f(R) ⊂ A. Then A1 is a finite flat OE-algebra and local. We equip A1
with the (p)-adic topology. Then A1 ∈ C, and the map f : A → A1 is a morphism in C.
Let VA1 = A1 ⊗f,R VR and VA = A⊗f,R VR ∼= A⊗A1 VA1 .
Suppose that VA ⊗Zp Qp is potentially semi-stable of Hodge-Tate type v and Galois
type τ . By the main theorem for semi-stable representations in [Liu07], VA1 ⊗Zp Qp is
semi-stable over L. By Lemma 3.8 and 3.14, VA1⊗Zp Qp has Hodge-Tate type v and Galois
type τ . Thus, VA1 ∈ Sv,τ (A1), and f factors through R/av,τ by Proposition 4.3.
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Conversely, suppose f factors through R/av,τ . Then VA1 ∈ Sv,τ (A1) by Proposition 4.3,
so A1/p
n ⊗A1 VA1 is potentially semi-stable of type (v, τ) for each n ≥ 1. By the main
theorem for semi-stable representations in [Liu07], VA1 ⊗Zp Qp is semi-stable over L. And
by Theorem 3.3 and 3.17, VA1 ⊗Zp Qp has Hodge-Tate type v and Galois type τ . Thus,
VA ⊗Zp Qp is potentially semi-stable of Hodge-Tate type v and Galois type τ .
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